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Abstract In this paper, a new offset algorithm for closed
2D lines with islands is introduced and the result is il-
lustrated. The main point of the proposed algorithm is that
every point is set to be an offset using bisectors, and then
invalid offset lines, which are not to be participated in
offsets, are detected in advance and handled with an invalid
offset edge handling algorithm in order to generate raw
offset lines without local invalid loops. As a result, the
proposed offset method is proved to be robust and simple,
moreover, has a near O(n) time complexity, where n de-
notes the number of input lines. The proposed algorithm
has been implemented and tested with 2D lines of various
shapes.
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1 Introduction

The majority of CNC milling tasks can be performed using
2.5D milling. This is partially due to the fact that a sur-
prisingly large number of mechanical parts are 2.5D and
even more complicated objects are usually produced from
billet by a 2.5D roughing and 3D–5D finishing [1]. Hence,
the computation of a tool path for 2.5D milling tasks, or
pocket machining, is one of the most important issues in
CAM.

A popular tool path style in pocket machining is called
contour-parallel path, which is generated by successive
offsets of the input boundary. In addition, commercialized
CAM software systems are using polyhedral machining
because polyhedral data based NC tool path generation is
superior to surface based tool path generation [2]. Thus

offsetting closed lines is essential to generate polyhedral
data based contour-parallel tool path, and the problem
has widely been studied, mostly as a pocket machining
problem [3–17]. The literatures on pocket machining al-
gorithms can be roughly divided into two different ap-
proaches when finding the successive offsets of the
boundary: pair wise intersection and voronoi diagram.
The first approach for finding successive offsets uses pair
wise intersections of individual offset segments to trim
them into an offset boundary. As described by Bruckner
[4], this task is executed by the following three steps, as
shown in Fig. 1: (1) for every contour element, an elemen-
tary offset element is constructed, (2) gaps between the
offset elements are closed by joining arcs – this results in
some closed curves, and (3) self-intersections of the curves
are eliminated and portions of the curves are cleared away
yielding the final offset curves. The basic geometric entities
related to the pair wise intersection method are shown in
Fig. 1b. As shown in Fig. 1b, there are two types of invalid
loops: local invalid loop bounded by a single self inter-
section point and global invalid loop bounded by a pair of
self intersection points. The main problem with this ap-
proach is that determination of all self-intersections and
eliminattion of local invalid loops after an offset are time
consuming processes leading to a O(n2) calculation com-
plexity [13] and prone to numerical errors, as pointed out
by Held et al. [11]. The second approach, described by
Persson [3], uses offset curve zones based on the voronoi
diagram. Using this approach, when the offset curve zones
are known, offsets can be accomplished by simply con-
necting the offset segments in each zone. Although the
offset approach using a voronoi diagram is more robust and
more widely used than pair wise offset approach, construct-
ing a voronoi diagram is not a trivial and time consuming
process. It also has numerical instability [18].

A few algorithms have been proposed to cope with the
above mentioned difficulties, but traditional offset ap-
proaches still have drawbacks because the removal of local
invalid loops has a numerical instability inherent in a near
circular portion when many short line segments, which are
obtained by slicing a polyhedral model with a horizontal
plane, are offset in a corner [19].
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In this paper, a new offset algorithm using bisectors and
an invalid offset edge handling algorithm (to be elaborated
later) are presented. This offset algorithm detects the lines
not participated in an offset beforehand using bisectors.
These lines are handled with a special algorithm, an invalid
offset edge handing algorithm, explained later in order to
obtain raw offset lines without local invalid loops. The
offset procedure consists of the following steps:

1. Calculating offset points using bisectors and generat-
ing offset lines.

2. Checking the validity of generated offset lines and
handling invalid offset lines.

3. Eliminating global invalid loops.
4. Merging generated boundaries and islands.

The remainder of this paper will be presented in the fol-
lowing order. In Sects. 2 and 3, an algorithm, which is the
most important part in this paper, to generate raw offset lines
without local invalid loops is presented. Global loops pro-
cessing and merging algorithms are described in Sects. 4, 5,
and in Sect. 6, various examples are shown. The final sec-
tion contains discussions and concluding remarks.

2 Computation of offset points using bisectors

The boundary profile is in the counterclockwise direc-
tion when viewed from above and clockwise direction
for island profile(s), as in Fig. 2. Each line has a parameter
range defined over tɛ[0,1].

Before continuing, we introduce here some definitions
that appear throughout this paper. Noting that closed lines
make a polygon, the term ‘vertex’ is used to denote a point
in the line and ‘edge’ is used for a line segment joining two
consecutive vertices.

Definition 1 A vertex ν is called convex if the internal
angle between the edges incident upon ν is > π, parallel if
the internal angle is equal to π, and concave otherwise.

Definition 2 An offset edge also has a direction. If the
direction of an offset edge is reversed after an offset, the
offset edge is called invalid and valid otherwise.

Definition 3 The valid offset edge, first detected by an
opposite direction from any invalid offset edge, is called a
backward edge and the one by a same direction is called a
forward edge.

Computing an offset point of a vertex is according to
vertex types above defined, and in every case, offset points
are placed on bisectors, or dashed lines in Fig. 3. In Fig. 3,
Pi(i=0,1,...) are vertexes, and Qi(i=0,1,...) are the offset
points of Pi. In the case of Fig. 3a, where Pi is concave,
the offset point Qi is generated by

Qi ¼ Pi þ eiþ1 � ei
eiþ1 � eij j �

R

sin �i=2

� � (1)

where ei ¼ Pi�Pi�1
Pi�Pi�1j j , R is the offset distance, and θi is the

angle between Pi-1Pi and Pi+1Pi.In Fig. 3b, Pi is convex,
and the offset point Qi is generated by

Qi ¼ Pi þ ei � eiþ1

ei � eiþ1j j �
R

cos ���i
2

� � (2)

In Fig. 3c, the vertex Pi is parallel, and the offset point
Qi are generated as

Qi ¼ Pi þ n � R (3)

where

n ¼ Qi � Pi

Qi � Pij j

3 Validity check and invalid offset edge
handling algorithm

As defined in definition 2 above, Fig. 4 shows an invalid
offset edge, the direction of which is reversed after an
offset. That is, if l-(l′+l″)≤0 is satisfied in Fig. 4b, the edge
is an invalid offset edge. Raw offset lines can be obtained

Fig. 1 Pair wise intersection
algorithm. (a) elementary
offset. (b) closed curves.
(c) final offset curve
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by connecting offset points in order. However, among raw
offset lines, invalid offset edges should not belong to raw
offset lines. Figure 5 shows raw offset lines without invalid
offset edges. In that case, offset lines can not make a closed
loop because a backward edge and a forward edge, detected
by any invalid offset edge, are not connected. Raw offset
lines are twisted becuase of a change of offset line direction
as shown in Fig. 4. In case of this twist, simple connection
of a forward edge and a backward edge will be processed
by a loop- processing algorithm which will be explained
later. However, there exists special cases in which no twist
occures by invalid offset edges. For these cases, an invalid
offset edge handling algorithm is required. An invalid off-
set edge handling algorithm is applied differently in two
different cases.

Case (I) The number of invalid offset edges between a
backward edge and a forward edge detected by an invalid
offset edge is one.

Case (II) The number of invalid offset edges between a
backward edge and a forward edge detected by an invalid
offset edge is more than two.

Taking computation of offset points into account, pro-
cesses described above may be expressed as follows:

Computation of offset points and validity check:
//input: points[] representing closed 2D lines, offset
distance//
//output: offset points[], offset lines[] made by offset
points[]//
//offset lines.size()=offset points.size()-1//
for(int i=0; i<points.size(); ++i)
{

offset points[i]=an offset point corresponding to
points[i];
offset lines[i-1]=a line from offset points[i-1] to
offset points[i];
check the validity of offset lines[i-1];

}

Invalid offset edge handling algorithm:
//input: offset lines[]//
//output: raw offset lines without local invalid loops//
for(int i=0; i<offset lines.size(); ++i)
{

if(offset lines[i] is an invalid offset edge)
{

if(an invalid offset edge is consecutive)

Case II algorithm;

else

Case I algorithm;

if(update by Case I or Case II algorithm == false)

connect a backward edge and a forward edge
corresponding to offset lines[i];

}

}

Fig. 2 Input profile

Fig. 3 Offset points according
to vertex types. (a) concave.
(b) convex. (c) parallel
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3.1 Invalid offset edge handling algorithm in Case I

In the case that the number of invalid offset edges between
a backward edge and a forward edge detected by an invalid
offset edge is one, that is, invalid offset edges are not con-
secutive, the following algorithm can be applied.

The procedure of this algorithm is as follows.

1. Extending a backward edge and a forward edge and
searching an intersection of two extended lines.

2. Updating an end point of a backward edge and a start
point of a forward edge with an intersection point.

In Fig. 6a, an offset line Q2Q3 is an invalid offset edge
because an offset line Q2Q3 is reversed after a boundary
edge P2P3 is offset. Therefore an invalid offset edge Q2Q3

must be removed. Because the number of invalid offset
edges between a backward edge and a forward edge de-
tected by an invalid offset edge Q2Q3 is one, an invalid
offset edge handling algorithm equivalent to Case I is
applied. The process is shown in Fig. 6 and the algorithm is
as follows:
Invalid offset edge handling algorithm in Case II:

//input: offset lines[]//
if(an invalid offset edge is not consecutive)
{

find a backward edge and a forward edge;

calculate an intersection between them;
update the result;

}

3.2 Invalid offset edge handling algorithm in Case II

In the case that invalid offset lines are consecutive, the lines
are handled with following procedure.

1. Boundary edges equivalent to invalid offset edges are
chosen, and chosen edges are checked whether inter-
sected or not by valid offset edges and indexes of
checked edges are memorized.

2. Boundary edges equivalent to memorized indexes are
offsets by the conventional pair wise offset method.

3. Offset lines by a pair wise offset method, a backward
edge, and a forward edge are modified with intersec-
tion information of these lines.

In Fig. 7a, offset lines Q1Q2, Q2Q3 are invalid offset
edges. Because they are consecutive, that is, the invalid
offset edges between a backward edge and a forward edge
is two, an offset edge handling algorithm equivalent to
Case II is applied. A boundary edge P1P2 among boundary
edges P1P2, P2P3 equivalent to invalid offset edges Q1Q2,

Fig. 5 Raw offset lines without
invalid offset edges

Fig. 4 Invalid offset edge
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Q2Q3, respectively, has an intersection by a valid offset
edge Q3Q4. Therefore, as shown in Fig. 7b, an additional
offset line is obtained as a result of offset of the line P1P2

by the pair wise offset method. Then an additional offset
line, a backward edge, and a forward edge are updated by
intersection points of these lines. The process of Case II is
illustrated in Fig. 7 and the algorithm is as follows:
Invalid offset edge handling algorithm in Case II:

//input: offset lines[]//
if(an invalid offset edge is consecutive)
{

find a backward edge and forward edge;
search boundary edges equivalent to invalid offset
edges and get additional edges;
calculate intersections between them;
update the result;

}

As stated above, offset points computed by bisectors are
connected, and invalid offset edges not participated in off-
sets are checked in advance. As an invalid offset edge
handling algorithm is applied in these invalid offset edges,
raw offset lines without local invalid loops can be obtained
as shown in Fig. 8.

Fig. 6 Invalid offset edge handing algorithm of Case I

Fig. 7 Invalid offset edge handing algorithm of Case II
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4 Processing loops of offset lines

When given closed 2D lines are offsets with above stated
algorithms, some global invalid loops may result, as illus-
trated in Fig. 9a. In this case, global invalid loops have to
be removed while others are kept. A loop-processing al-
gorithm is based upon the fact that the boundary profile
was in the counterclockwise direction and the island profile
in the clockwise direction before the offset procedure
started. In the loop-processing algorithm, valid loops are
obtained by the following tracing rule and 4 steps:

– Tracing rule: offset lines are traced along their direc-
tions from a stating point until any intersection point is
encountered. At this time, the line index and line pa-
rameter are checked whether to have been visited or
not. If the line index and line parameter have not been

visited, they are stored in a stack as the next starting
information, and the travel direction is transferred to
the intersected line index and the point parameter.

1. Arbitrary chosen starting line index and starting point
parameter are stored and checked for visiting.

2. Raw offset lines are traced along their directions by the
tracing rule, which is explained above. While tracing,
tracing line index and point parameter are checked
whether starting line index and starting point parameter
are equal to them or not. When tracing line index and
point parameter are equal to starting line index and
starting point parameter, all tracing lines are returned.

3. According to above procedure a closed loop forms and
the direction of it is then checked. If the direction of an

Fig. 8 Raw offset lines after an
invalid offset edge handling al-
gorithm is applied

Fig. 9 Global invalid loops
removal. (a) global invalid
loops. (b) global invalid loops
removal

Fig. 10 Merging of a boundary
and islands. (a) raw offset lines
of a boundary and islands.
(b) merging
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obtained loop is the same as a given profile’s, the loop
is valid, otherwise invalid. Then, the invalid loop is
removed.

4. If the stack is not empty, top information of the stack is
popped as new starting information. Steps1−4 proce-
dure are repeated until stack becomes empty.

Direction checking for a loop can be easily done using
the simple-closed-path theorem. It states that simple poly-
gons always appear to have total turning equal +360° or

−360°, depending on the direction in which we traverse the
path. The result that invalid offset loops are removed using
a loop-processing algorithm is shown in Fig. 9b.

5 Merging boundaries and islands

Finally, the operation of merging boundaries and islands,
which do not have local invalid loops and global invalid
loops, is required. This method is very similar to a loop-
processing algorithm. Offset lines are traced along their
directions starting from any arbitrary point until any inter-
section point is encountered. At an intersection point, the
travel direction is changed by the tracing rule explained in
Sect. 4. This procedure is repeated until every point has
been visited. After this grouping procedure has been per-
formed, every loop is treated as a separate profile. The
method to determine whether each loop is a boundary or
not, is as follows. If there is any boundary line among
traced lines, the loop is boundary, otherwise island. An island
must be included in a boundary. The decision whehter to be
included in any boundary is by using a bounding box. This
merging process is illustrated in Fig. 10, and each boundary
including islands is used for a next offset as an input
profile.

6 Offset algorithm process and its time-complexity

An overall flowchart of a new offset algorithm is presented
in Fig. 11. Initially, closed 2D lines are given as a closed
sequence of 2D points, where each point is regarded as a
vertex. According to each vertex type, offset points are
calculated by using bisectors and the validity of offset lines
obtained by offset points is checked. After that, an invalid

Fig. 11 The process of new offset approach

Fig. 12 Offset examples
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offset edge handling algorithm is applied to checked in-
valid offset lines. As a result, raw offset lines without local
invalid loops are obtained. As mentioned processes are the
most important part in this paper, detail algorithms were
explained in Sect. 3. The time complexity of generating
raw offset lines is nearO(n), where n is the number of lines,
because all lines are visited only one time when offset
points are computed by using bisectors and detected invalid
offset edges are handled with constant time complexity.
One of the highlighted features is that problems regarding
numerical instability and time complexity of previous re-
searches are solved. That is, time complexity for removing
local invalid loops is reduced, and numerical stability is
guaranteed.

The loop-processing algorithm and merging algorithm
described in Sects. 4 and 5 also have O(n) calculation
complexity since all lines are visited only once if all self-
intersections are found in advance in the raw offset lines.
Finding self-intersections in the raw offset lines utilizes the
gird method having time complexity of O(n log n) [20].

7 Examples

The proposed offset algorithm of 2D closed lines was
implemented with C++ language on a PC. Figure 12 shows
offset results of various shapes with or without islands.

Fig. 13 Offset of a speaker.
(a) polyhedral model. (b) lines
generated by slicing. (c) offset
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Figure 13 shows an offset result of 2D lines obtained in
a polyhedral model of a speaker. Shown in Fig. 13a is a
polyhedral CAD model of a speaker, and 2D lines in
Fig. 13b were obtained by intersecting the speaker with a
horizontal plane. The number of 2D lines is 2069. The offset
result generated by the proposed offset algorithm with an
offset distance of 3 mm is shown in Fig. 13c.

8 Conclusion

This paper presents a new offset algorithm for closed 2D
lines with islands. With bisectors, invalid offset lines are
found in advance, and these lines are handled with an
invalid offset edge handling algorithm proposed in this
paper. As a result, raw offset lines without local invalid
loops are obtained. The time complexity of generating raw
offset lines is near O(n), where n is the number of lines.
This gives a solution for instability and time consuming
problems that could be occurred in the conventional pair
wise intersection approach in case of detecting and elim-
inating local invalid loops.

The proposed algorithm in this paper is numerically
stable and simpler than the offset approach using a voronoi
diagram which also has numerical instability, and there is
no necessity for doing supplementary operation like con-
structing a voronoi diagram. In addition, the proposed
algorithm is very fast and proved by offset examples of
various shapes.
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